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Let q be an odd integer >3 and let Gq be the Hecke group associated to q. Let
({) be a prime ideal of Z[*q] and G(q, {) the principal congruence subgroup of Gq
associated to {. We give a formula for [Gq : G(q, {)], the index of the principal con-
gruence subgroup G(q, {) in Gq . We also give formulae for the indices [G1(q, {), G(q, {)]
and [G0(q, {), G1(q, {)]. Finally, we give a formula for the geometric invariants of
G(q, {) when q is a rational prime.  2000 Academic Press
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1. INTRODUCTION
The (inhomogeneous) modular group 1=PSL2(Z) and its principal
congruence subgroups 1(n) play a crucial role in many different aspects of
number theory and have been extensively studied. The formulae for the
index [1 : 1(n)] as well as for the geometric invariants of 1(n) are well
known; see, for example, [Sh].
From a geometric point of view, 1 is a (2, 3, ) hyperbolic triangle
group, which admits the obvious generalization, the (2, q, ) triangle
groups which are traditionally called the Hecke Groups. Specifically, the
Hecke groups Gq , for q4, are the subgroups (w, u*q) of PSL2(R) where
*q=2 cos(?q) and
w=\ 0&1
1
0+ , u*q=\
1
0
*q
1 + .
It is clear from the above that Gq /PSL2(Z[*q]), but unlike in the case
q=3 (the modular group case), the inclusion is strict and the index infinite
as Gq is discrete whereas PSL2(Z[*q]) is not for q4.
If A is an ideal of Z[*q], then the principal congruence subgroups
G(q, A) of Gq of level A consist of those transformations in Gq congruent to
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\I modulo A. The definition is analogous to that for the principal con-
gruence subgroups of 1. We may also define congruence subgroups of Gq
of level A, analogous to 10(n), 11(n), and 1 1(n), which we denote by
G0(q, A), G1(q, A), and G1(q, A) respectively. In [LLT1] an algorithm was
given to find fundamental domains and independent generators for these
groups and in [LLT2] an explicit formula for the index of G0(5, A) in G5
was given; the computation depended crucially on a result of Leutbecher
[L1, L2] when states that the set of cusps of G5 was the whole of
Q(*5) _ . In the case of G4 and G6 , both groups are commensurable to
1 and the elements of the groups are completely known, so the indices of
the congruence subgroups are relatively easy to compute; see [P]. To the
best of our knowledge, these are the only known explicit formulae for the
indices of families of congruence subgroups of the Hecke Groups.
For A an ideal of Z[*q], we may also define the principal congruence
subgroup of PSL2(Z[*q]) of level A to be the subgroup of matrices
congruent to \I mod A, in which case the usual method for finding the
index [1 : 1(n)] can be extended to obtain formulae for the index of this
in PSL2(Z[*q]). However, this index in general only gives an upper bound
for [Gq : G(q, A)] and in many cases the two indices are not the same.
The main result of this paper is the following theorem which gives an
explicit formula for the index [Gq : G(q, {)] in the case when q is an odd
integer greater than 3 and ({) is a prime ideal of Z[*q]. We call these
groups principal congruence subgroups of Gq with prime level.
Main Theorem. Let Gq be the Hecke group associated to *q=2 cos(?q)
where q is an odd integer 5, and let ({) be a prime ideal of Z[*q] above ( p)
where p is a positive rational prime. We have:
(a) p5, or q{5:
(i) [Gq : G(q, {)]=( pm+1) pm( pm&1)2, Gq G(q, {)&PSL2(E)
if m is odd,
(ii) [Gq : G(q, {)]=( pm+1) pm( pm&1)2, Gq G(q, {)&PSL2(E)
if m is even and \(*q)2  K,
(iii) [Gq : G(q, {)]=( pm2+1) pm2( pm2&1), GqG(q, {)&PGL2(K)
if m is even and \(*q)2 # K,
where E=Zp[*q]({) is a Galois field of pm elements and m is the smallest
positive integer such that
pm#\1 (mod p$)
(2q= pap$ where gcd( p, p$)=1). In the case m is even, K is the unique
subfield of E of order pm2.
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(b) p=3, q=5: [G5 : G(5, {)]=60, G5 G(5, {)&A5 .
(c) p=2: [Gq : G(q, {)]=2s where s divides q and Gq G(q, {) is a
dihedral group of order 2s. In particular, if q is prime, [Gq : G(q, {)]=2q.
Remark. The above results extend easily to cover principal congruence
subgroups of Gq of level A where A is a square-free ideal of Z[*q].
However, we are at present unable to give the formula of the index for a
general ideal, the main hurdle being the fact that for q>5 the set of cusps
of Gq is a proper subset of Q(*q) _ .
Using the results of the main theorem, the normality of G(q, {) in Gq ,
and Hurwitz’s formula, we derive the formulae for the genus and the
number of cusps of the group G(q, {) when q is an odd prime (Theorem 2).
We also derive the indices of the other congruence subgroups G0(q, {) and
G1(q, {) in Gq (Theorem 3). Finally, we give a complete list of the indices
of the congruence subgroups of G5 of prime level (Corollary 2). As in this
case, one can completely determine all the prime ideals of Z[*5].
To begin, we note that for any ideal A of Z[*q], G(q, A) is the kernel
of the natural homomorphism
\: Gq  PSL2(Z[*q]A).
Thus each principal congruence subgroup of Gq is normal and of finite
index.
The index is then the order of the image of Gq under \. The problem of
determining this image seems to be quite difficult in general but in the case
where A is a prime ideal, PSL2(Z[*q]A) is a subgroup of a two-dimensional
special linear group over an algebraically closed field F of characteristic p
and we can apply the results of Dickson [D] where he successfully deter-
mined all possible subgroups of this group. (The list of all possible finite
subgroups of SL2(F ) can also be found in Suzuki’s book [Su].)
This is our main tool, and it enables us to determine the group \(Gq).
The index of G(q, A) in Gq , which is nothing but the cardinality of \(Gq),
can of course be determined when the image \(Gq) is identified.
This paper is organized as follows. In the next section we state the results
of Dickson on the subgroups of two-dimensional special linear groups over
an algebraically closed field of characteristic p. In Section 3 we give the
proof of the main theorem. In Section 4 we derive the formulae for the
genus and the number of cusps of the principal congruence subgroups with
prime level, and in Section 5 we derive the indices of the other congruence
subgroups G0(q, {) and G1(q, {) of Gq with prime level and give a complete
list of the indices of the congruence subgroups of G5 of prime level.
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2. SPECIAL LINEAR GROUPS OVER AN ALGEBRAICALLY
CLOSED FIELD
Let F be an algebraically closed field of characteristic p( p2) and let V
be the two-dimensional vector space over F. We state without proof a
theorem of Dickson [D] about finite subgroups of SL(V) (Theorem 6.17,
Chap. 3 in [Su]).
Theorem 1. Let G be a finite subgroup of SL(V) such that |G| is divisible
by p and G admits at lest two Sylow p-subgroups of order pr. Then G is
isomorphic to one of the groups in the following list.
(i) p=2 and G is dihedral of order 2n where n is odd,
(ii) p=3 and G&SL2(5),
(iii) the special linear group SL2(K),
(iv) the group
SL2(K), d?=\?0
0
?&1+ ,
where K is a field of pr elements and ? is an element such that K(?) is a field
of p2r elements and ?2 is a generator of K_.
Corollary 1. Let F be an algebraically closed field of characteristic p
(odd ) and let E=Zp(z) (z{0) be a subfield of F of pm elements. Let G be
the group generated by
\ 0&1
1
0+ and \
1
0
z
1+ .
If p=3, then G&SL2(5) if and only if E=GF(9) and z2=\z+1. If p{3
or p=3, G&3 SL2(5), then
(i) G&SL2(E) if m is odd,
(ii) G&SL2(E) if m is even and z2  K,
(iii) G&(SL2(K), dz) of order 2( pm2+1) pm2( pm2&1) if m is even
and z2 # K, where K is the unique subfield of E of order pm2.
Proof. Denote by w and uz the matrices
\ 0&1
1
0+ and \
1
0
z
1+ ,
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respectively, then G=(w, uz). Note that tz=w&1uzw is the lower triangular
matrix
tz=\ 1&z
0
1+ .
Suppose p{3 for p=3, G&3 SL2(5). Since G has at least two Sylow p-sub-
groups (tz and uz are in different Sylow p-subgroups), by Theorem 1 G is
isomorphic to SL2( pr) or (SL2( pr), d?) where pr is the order of a Sylow
p-subgroup P of G. Hence the order of G is either
( pr+1) pr( pr&1)
or
2( pr+1) pr( pr&1).
Without loss of generality, we may assume that tz # P. Since G is isomorphic
to SL2( pr) or (SL2( pr), d?), NG(P)=PM where M is a cyclic group of order
i( pr&1) (i=1 if G&SL2( pr), i=2 if G&(SL2( pr), d?) ). Since x # G is an
element of P if and only if x is lower triangular with 1’s on the diagonal,
elements in M are of the form
\ac
0
a&1+ , a # F_, c # F.
Let
dac=\ac
0
a&1+
be a generator of M and let o(a)=n. It follows that
dnac=\1k
0
1+ # P.
As a consequence, the order of NG(P)=PM is given by prn. This implies
that o(a)=i( pr&1). Consequently,
S=[a: dac # NG(P)] (1)
is a cyclic group of order i( pr&1).
Since elements in P are lower triangular with 1’s on the diagonal and
elements in w&1NG(P) w are upper triangular,
P & w&1NG(P) w=[1].
Hence NG(P) wP contains exactly [P : P &w&1NG(P) w]= pr cosets of NG(P).
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Counting the number of elements, we get
G=NG(P) _ Ng(P) wP.
It follows that for any tb # P_ there are elements t+dac # NG(P) and t& # P
such that
w&1tbw=t+ dac wt& .
An easy calculation shows that b=a. By (1), b # S. In particular, z # S.
Hence
zi( pr&1)=1.
This implies that zi # GF( pr) (i=1 or 2). It follows that either
(i) i=1, r=m, |NG(P)|= pm( pm&1), and |G|=( pm+1) pm( pm&1),
or
(ii) i=2, r=m2, |NG(P)|=2pm2( pm2&1), and |G|=2( pm2+1)
pm2( pm2&1).
In the case m is odd, it follows easily from the above that |G|=
( pm+1) pm( pm&1) and G&SL2(E). Hence we shall assume that m is
even.
Case 1 (m Is Even and z2  K). Suppose that |G|=2( pm2+1) pm2
( pm2&1). This implies that i=2. As a consequence, |NG(P)|=2pm2( pm2&1)
and z2( p m2&1)=1. In particular, z2 # K. This is contradiction. Hence |G|=
( pm+1) pm( pm&1) and G=SL2(E).
Case 2 (m Is Even and z2 # K). Since
Gz=\z
&1
0
0
1+ G \
z
0
0
1+=\
1
0
1
1+ , \
0
&z
z&1
0 +,
Gz is a subgroup of
A=SL2(K), _=\ 0&z
z&1
0 +.
Since z2 # K, _ normalizes SL2(K). As a consequence, |A|=2( pm2+1)
pm2( pm2&1). This implies that |G|=|Gz |=2( pm2+1) pm2( pm2&1) and
G&(SL2(K), dz).
Suppose p=3 and G&SL2(5). As a consequence, GZ(G)&A5 . The
cycle decompositions associated to w and uz are 2.2 and 3. Since these two
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permutations generate A5 their product is a 5-cycle. This implies that
wu&1z is of order 5 or 10. Let x be a primitive fifth root of unity over
GF(3), one has
Trace(wu&1z )=z=\(x+x
&1).
This implies that z # GF(9)"GF(3) and z2=z+1, or z2=&z+1. Conversely,
suppose E=GF(9). If z2=z+1, set h=w&1t&1z , then (htz)
2=&I # Z(G)
and
G=(w, uz) =(h, tz : h5=t3z=(htz)
4=I).
Hence G&SL2(5) (Example 4 of Chap. 2, Section 6 in [Su]). If z2=&z+1,
set h=wt&1z , then (htz)
2 # Z(G) and
G=(w, uz)=(h, tz : h5=t3z=(htz)
4=I) &SL2(5).
This completes the proof of the corollary. K
3. PROOF OF MAIN THEOREM
Let ({) be a prime ideal of Z[*q] and let p be the positive rational prime
below ({). It is clear that
E=Z[*q]({)
is a Galois field of pm elements where m is the smallest positive integer such
that
pm#\1 (mod p$)
(2q= pap$ where gcd( p, p$)=1). If m is even, denote by K the unique
subfield of E of order pm2.
We note also that for q odd, *q is a unit in Z[*q]. This implies that
\(*q) # E_ and \(u*q) is an element of order p.
Case 1 ( p5). By Corollary 1, \(Gq) is isomorphic to either PSL2( pm)
or PGL2( pm2). Furthermore,
(i) [Gq : G(q, {)]=( pm+1pm( pm&1))2, Gq G(q, {)&PSL2(E) if
m is odd,
(ii) [Gq : G(q, {)]=( pm+1) pm( pm&1)2, Gq G(q, {)&PSL2(E) if
m is even and \(*q)2  K,
(iii) [Gq : G(q, {)]=( pm2+1) pm2( pm2&1), Gq G(q, {)&PGL2(K)
if m is even and \(*q)2 # K.
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Case 2 ( p=3). Since \(u*q) and \(t*q) are in different Sylow 3-subgroups,
\(Gq) has at least two Sylow 3-subgroups. By Corollary 1, \(Gq) is isomorphic
to PSL2(E), PGL2(K), or PSL2(5).
Case 2i (q=5). Let h=w&1t&1*5 . By Corollary 1,
\(G5)&\((h, t*5 : h
5=t3*5=(ht*5)
3)\I )&PSL2(5).
Case 2ii (q{5). Since q{5, m3. In particular, \(*q)2{\(*q)+1,
&\(*q)+1. By Corollary 1,
(i) [Gq : G(q, {)]=(3m+1) 3m(3m&1)2, GqG(q, {)&PSL2(E) if
m is odd;
(ii) [Gq : G(q, {)]=(3m+1) 3m(3m&1)2, GqG(q, {)&PSL2(E) if
m is even and \(*q)2  K;
(iii) [Gq : G(q, {)]=(3m2+1) 3m2(3m2&1), Gq G(q, {)&PGL2(K)
if m is even and \(*q)2 # K.
Case 3 ( p=2). In this case, \(u*q) is of order 2. It follows that \(Gq)
is a nonabelian dihedral group of order 2s where s is a divisor of q. In
particular, if q is prime, then \(Gq) is of order 2q.
From the above, we may now give the index formula of G(q, {) in Gq as
follows:
(a) p5, or q{5;
(i) [Gq : G(q, {)]=( pm+1) pm( pm&1)2, Gq G(q, {)&PSL2(E)
if m is odd;
(ii) [Gq : G(q, {)]=( pm+1) pm( pm&1)2, Gq G(q, {)&PSL2(E)
if m is even and \(*q)2  K;
(iii) [Gq : G(q, {)]=( pm2+1) pm2( pm2&1), GqG(q, {)&PGL2(K)
if m is even and \(*q)2 # K.
(b) p=3, q=5: [G5 : G(5, {)]=60, G5 G(5, {)&A5 .
(c) p=2: [Gq : G(q, {)]=2s where s divides q.
This completes the proof of the theorem.
4. GEOMETRIC INVARIANTS
Theorem 2. Let q be an odd integer 5 and let p be the positive
rational prime that lies below the prime ideal ({) of Z[*q]. The number of
inequivalent cusps in Gq({) is given by
t=
1
p
[Gq : G(q, {)].
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Furthermore, if q is prime then Gq({) has no elliptic points and the genus of
H*G(q, {) is given by
g(H*G(q, {))=1+[Gq : G(q, {)] \q&24q &
1
2p+ .
Proof. Recall that the level of a cusp of Gq({) is the smallest positive
integer n such that a generator of the stabilizer of the cusp conjugate to un*q .
It is clear that the level of  is p and hence the level of all cusps of Gq({)
is also p since Gq({) is normal in Gq . It follows that
t=
1
p
[G : G(q, {)].
For the second statement, we note that if q is prime then any elliptic
element in Gq is conjugate to either w or (wu*q)
\1. Since both are not in
G(q, {) and G(q, {) is normal, it follows that G(q, {) does not contain any
elliptics when q is prime. By the Hurwitz formula, the genus of H*G(q, {)
is given by
g(H*G(q, {))=1+
1
4
[Gq : G(q, {)] \1&2p&
2
q+ . K
Remark. When q is not prime, it is possible that G(q, {) has elliptics of
order s where s divides q. This occurs when (wu*q)
qs is in G(q, {). In this
case, there are (sq)[Gq : G(q, {)] inequivalent elliptics of order s. Applying
Hurwitz’s formula gives us the genus
g(H*G(q, {))=1+
1
4
[Gq : G(q, {)] \1&2p&
2s
q + .
5. OTHER CONGRUENCE SUBGROUPS OF Gq
Let A be an ideal of Z[*q]. We define
G0(q, A)={_ # Gq : _#\x0
y
x&1+ (mod A)=
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and
G1(q, A)={_ # Gq : _#\10
y
1+ (mod A)= .
Theorem 3. Let q be an odd integer 5 and let p be the positive
rational prime that lies below the prime ideal ({) of Z[*q]. Let g0(q, {),
G1(q, {), and G(q, {) be the congruence subgroups of Gq as defined above. If
p=3 and q=5, then
(a) [G1(5, {) : G(5, {)]=3 if { is above 3;
(b) [G0(5, {) : G1(5, {)]=2 if { is above 3.
If p{3 or q{5, then
(c) [G1(q, {) : G(q, {)]= pm, if m is odd;
(d) [G1(q, {) : G(q, {)]= pm, if m is even, \(*q)2  GF( pm2);
(e) [G1(q, {) : G(q, {)]= pm2, if m is even, {(*q)2 # GF( pm2);
(f) [G0(q, {) : G1(q, {)]= 12 ( p
m&1), if m is odd;
(g) [G0(q, {) : G1(q, {)]= 12 ( p
m&1), if m is even, \(*q)2  GF( pm2);
(h) [G0(q, {) : G1(q, {)]=( pm2&1), if m is even, \(*q)2 # GF( pm2);
If q is prime and { is a prime above 2,
(i) [G1(q, {) : G(q, {)]=2,
(j) [G0(q, {) : G1(q, {)]=1,
(k) [Gq : G0(q, {)]=q.
Proof. It follows easily that G1(q, {) is a normal subgroup of G0(q, {).
Suppose both q and p are odd (or p=2 and q is a prime). Since the
structure of \(Gq) has been determined in Section 3, one sees easily that
[G1(q, {) : G(q, {)]=|P| and [G0(q, {) : G1(q, {)]=|NP| where P is a
Sylow p-subgroup of \(Gq)&Gq G(q, {) and N is the normalizer of P
in \(Gq)&Gq G(q, {). As a consequence, the formulae for the indices
[G0(q, {) : G1(q, {)] and [G1(q, {) : G(q, {)] easily follows. K
The case q=5 is interesting because Z[*5] is a quadratic extension of Z
and we can determine the prime ideals of Z[*5]. Let ({) be a prime ideal
of Z[*5] and let p be the positive rational prime below ({). An easy
calculation shows that ({)=( p) if and only if p=2 or p# \3 (mod 10).
We have the following complete list of the indices and geometric invariants
of congruence subgroups of the prime level of G5 .
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Corollary 2. Let p be the positive rational prime that lies below the
prime ideal ({) of Z[*5]. The indices of the congruence subgroups of G5 of
level ({) are given by
p ({) [G5 : G(5, {)] [G5 : G1(5, {)] [G5 : G0(5, {)]
2 ({)=(2) 10 5 5
3 ({)=(3) 60 20 10
5 ({)=(2+*5) 60 12 6
#\3(mod 10), {3 ({)=( p) a ( p4&1)2 p2+1
#\1(mod 10) ({){( p) b ( p2&1)2 p+1
where a= 12 ( p
2&1) p2( p2+1) and b= 12 ( p&1) p( p+1).
Remarks. (1) The above result gives the indices [G0(5, {) : G5] when
({) is a prime ideal, first derived in [LLT2]. However, in [LLT2] we were
able to obtain the index for a general ideal A by using Leutbecher’s
theorem; it is not clear if similar results can be obtained for [G5 : G1(5, A)]
and [G5 : G(5, A)] for a general ideal A.
(2) g(H*G(5, {))=0 if and only if ({)=(2).
REFERENCES
[C] J. H. Conway, Understanding groups like 10(N), preprint.
[CLLT] S. P. Chan, M. L. Lang, C. H. Lim, and S. P. Tan, The invariants of the congruence
subgroups G0(P) of the Hecke group, Illinois J. Math. 38 (1994), 636652.
[D] L. E. Dickson, ‘‘Linear Groups with an Exposition of the Galois Field Theory,’’
Teubner, Leipzig, 1901, reprinted Dover, New York, 1958.
[F] B. Fine, ‘‘Algebraic Theory of the Bianchi Groups,’’ Monographs and Textbooks in
Pure and Applied Mathematics, 1989.
[LLT1] M. L. Lang, D. H. Lim, and S. P. Tan, Independent generators for congruence
subgroups of Hecke groups, Math. Z. 220 (1995), 569594.
[LLT2] M. L. Lang, C. H. Lim, and S. P. Tan, The invariants of the congruence subgroups
G0(P) of the Hecke group G5 , Illinois J. Math. 38 (1994), 636652.
[L1] A. Leutbecher, U ber die Heckeschen Gruppen G(*), Abh. Math. Sem. Hamburg 31
(1967), 199205.
[L2] A. Leutbecher, U ber die Heckeschen Gruppen G(*), II, Math. Ann. 211 (1974),
6368.
[P] A. Parson, Generalized Kloosterman sums and the Fourier coefficients of cusp
forms, Trans. Amer. Math. Soc. 217 (1976), 329350.
[Sh] G. Shimura, ‘‘Introduction to the Arithmetic Theory of Automorphic Functions,’’
Iwanami SchotenPrinceton Univ. Press, TokyoPrinceton, NJ, 1971.
[Su] M. Suzuki, ‘‘Group Theory I,’’ Springer-Verlag, BerlinHeidelbergNew York, 1982.
230 LANG, LIM, AND TAN
